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It is proved in this paper that if a Cartesian power Xn of a prime graph X (with respect to
the Cartesianmultiplication) has an orientable regular embedding, thenX has an orientable
regular embedding too; and if a graph with some extra conditions has orientable regular
embeddings, then its Cartesian power also has. As an application of ourmain theorems, the
regular embeddings of grid-like graphs are studied.
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1. Introduction
All graphs considered in this paper are connected, undirected, finite and without loops or multiple edges. For a graph
X , we denote by V(X), E(X),D(X) and Aut(X), the vertex set, the edge set, the arc set, and the automorphism group
of X , respectively. For a positive integer n, we use [n] to denote the set {1, . . . , n}. For the group and graph theoretical
terminologies, see [4,1,6], respectively.
A map is a 2-cell embedding of a connected graph into a closed surface. The embedded graph is called the underlying
graph of the map. An orientable map is such a map on an orientable surface. An automorphism of an orientable map is
an automorphism of the underlying graph, which can be extended to an orientation-preserving homeomorphism of the
supporting surface. It is well known that the automorphism group of an orientable map acts semi-regularly on the arc set
of the underlying graph. If it acts regularly, the map is called regular as well. In this paper, we shall focus on the orientable
regular maps, which are simply called regular maps.
An orientable map M with underlying graph X can be described combinatorially by a pair M = (X; R), where R is a
permutation of the arc set Dwhose orbits coincide with the sets of arcs emanating from the same vertex. The permutation R
is called the rotation of themapM. In the cycle decomposition of the permutation R, the cycle permuting the arcs emanating
from a vertex v is called the local rotation Rv at v. Now, the map isomorphism and the map automorphism can be rephrased
as follows: given two mapsM1 = (X1; R1) andM2 = (X2; R2), a map isomorphism φ : M1 → M2 is a graph isomorphism
φ : X1 → X2 such that R1φ = φR2. In particular, if M1 = M2 = M, φ is called a map automorphism of M. All the
automorphisms ofM form a group, say Aut(M), called the automorphism group of mapM, acting always semi-regularly
on the arc set D. If it acts regularly, the map is called regular.
It was shown in [5] that a graph X has a regular embedding if and only if its automorphism group Aut(X) contains an
arc-regular subgroup G such that the stabilizer Gu of each vertex u is cyclic. If G = ⟨a, b⟩ is an arc-regular subgroup of
Aut(X)with Gu = ⟨a⟩ for a fixed vertex u and b is an arc reversing automorphism for an arc emanating from u, then one can
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construct a regular mapM(G; a, b) =M(X; R) as follows: for any arc (x, y) ∈ D(X), the local rotation Rx at x is defined by
(x, y)Rx = (x, y)ψ−1x aψx = (x, yψ−1x aψx),
where ψx is an automorphism in G mapping the vertex u to the vertex x. One can easily check thatM(G; a, b) is indeed a
well defined regular map with the underlying graph X . In this case, G is the automorphism group ofM(G; a, b). If the orders
of ba and a are s and t respectively, thenM(G; a, b) has type {s, t} in the notation of Coxeter and Moser [3], meaning that
the faces are all s-gons and the vertices all have valency t .
Classification of regular maps by their underlying graphs is one of the central problems in topological graph theory. Of
course, whether a graph has regular embeddings or not is also an interesting problem. As a matter of fact, not all graphs can
be regularly embedded. Regularity alone is not sufficient to guarantee the existence of regular embeddings. Prism graphs
Pn for n > 4 (or n = 3), which are Cartesian products of cycle graphs Cn with path graph L2, are examples of regular graphs
that cannot be regularly embedded in orientable surfaces (simply because they are not arc-transitive). But arc-transitivity
does not suffice either. The complete graphs Kn for n not a power of a prime are arc-transitive and yet fail to have regular
embeddings (see [7]).
In this paper, we study the existence of regular embeddings of the Cartesian products of regular graphs in orientable
surfaces and obtain the following results: (1) a prime graph has orientable regular embeddings if its Cartesian power has;
(2) if a graph with some extra conditions has orientable regular embeddings, then its Cartesian power also has. Our paper
is organized as follows: some general statements on Cartesian product are introduced in Section 2; the main results are
proved in Section 3; as an application of our main theorems, the regular embeddings of the grid-like graphs are studied in
Section 4; and finally, some questions for further research are proposed in Section 5.
2. Cartesian product
The Cartesian product of two graphs X1 and X2, denoted by X1X2, is a graph with vertex set V(X1X2) = V(X1)× V(X2)
and edge set consisting of all pairs {(u1, u2), (v1, v2)} such that {u1, v1} ∈ E(X1) and u2 = v2 or u1 = v1 and {u2, v2} ∈ E(X2).
It is easy to verify that the Cartesian product is commutative and associative. Hence, we do not need parentheses for
products of more than two factors. This allows an alternative direct definition of the Cartesian product of several factors.
The Cartesian product X = X1X2 · · ·Xm of the graphs X1, X2, . . . , Xm is defined on them-tuples (v1, v2, . . . , vm), where
vi ∈ V(Xi), 1 ≤ i ≤ m. Two m-tuples (u1, u2, . . . , um) and (v1, v2, . . . , vm) are adjacent if there exists an index l such that
{ul, vl} ∈ E(Xl) and ui = vi for all i ∈ [m] \ {l}.
Let U be the trivial graph given by V(U) = {u} and E(U) = ∅. A graph X is called prime with respect to the Cartesian
multiplication if X is non-trivial (i.e. if X is not isomorphic to U), and if X ∼= YZ implies Y ∼= U or Z ∼= U .
It was shown in [9] that every connected graph has a unique representation as a Cartesian product of prime graphs, up
to isomorphisms and the order of the factors. Two graphs X and Y are called relatively prime with respect to the Cartesian
multiplication if and only if they share no common factors in their Cartesian prime factorization.
Proposition 2.1 (Sabidussi, [9]). The automorphism group of the Cartesian product of distinct connected prime graphs is
isomorphic to the automorphism group of the disjoint union of the factors.
Proposition 2.2 (Sabidussi, [9]). Let X1, X2, . . . , Xm be pairwise relatively prime with respect to the Cartesian multiplication and
X = X1X2 · · ·Xm. Define the action of Aut(X1)× Aut(X2)× · · · × Aut(Xm) on V(X) by
(x1, x2, . . . , xm)(ξ1,ξ2,...,ξm) = (xξ11 , xξ22 , . . . , xξmm ).
Then Aut(X) = Aut(X1)× Aut(X2)× · · · × Aut(Xm).
Lemma 2.3. If X is an arc-transitive graph, then X is either a prime graph or a Cartesian product of some isomorphic prime
graphs.
Proof. Suppose to the contrary. Let X = YZ , where both Y and Z are non-trivial, and Y and Z are relatively prime with
respect to Cartesian multiplication. By Proposition 2.2, Aut(X) ∼= Aut(Y ) × Aut(Z). Suppose that (y1, y2) ∈ D(Y ) and
(z1, z2) ∈ D(Z). Let x1 = (y1, z1), x2 = (y2, z1), and x3 = (y1, z2). Then both (x1, x2) and (x1, x3) belong to D(X). But for
each (η, ζ ) ∈ Aut(Y ) × Aut(Z), x(η,ζ )1 = x1 implies yη1 = y1 and zζ1 = z1. Hence x(η,ζ )2 = (y2, z1)(η,ζ ) = (yη2, z1) ≠ x3.
Therefore Aut(X) ∼= Aut(Y )× Aut(Z) is intransitive on D(X), a contradiction. 
For two nonempty sets A and B, we write Fun(A, B) to denote the set of all functions from A to B. In the case where B is a
group, we can turn Fun(A, B) into a group by defining a product ‘‘pointwise’’:
(ϕψ)(α) = ϕ(α)ψ(α)
for all ϕ,ψ ∈ Fun(A, B) and α ∈ Awhere the product on the right is in B.
The Cartesian product of n copies of X , denoted by Xn, is a graph defined on Fun([n],V(X)). Two functions f and g in
Fun([n],V(X)) are adjacent if and only if there is a unique i ∈ [n] such that {f (i), g(i)} ∈ E(X) and f (k) = g(k) for all
k ∈ [n] \ {i}.
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It is well known that (see [4]) Aut(X) ≀ Sn = Fun([n],Aut(X))o Sn, and the product action of Aut(X) ≀ Sn on Fun([n],V(X))
is defined by
f (ϕ,σ )(k) = f (kσ−1)ϕ(kσ−1 )
for all f ∈ Fun([n],V(X)) and (ϕ, σ ) ∈ Aut(X) ≀ Sn.
Lemma 2.4. With the above notations, we have:
(1) Aut(X) ≀ Sn ≤ Aut(Xn);
(2) If X is a prime graph, then Aut(Xn) = Aut(X) ≀ Sn.
Proof. (1) For any {f , g} ∈ E(Xn), there is a unique i ∈ [n] such that {f (i), g(i)} ∈ E(X) and f (k) = g(k) for all k ∈ [n] \ {i}.
Take (ϕ, σ ) ∈ Aut(X) ≀ Sn with iσ = j. Then
f (ϕ,σ )(k) = f (kσ−1)ϕ(kσ−1 ) and g(ϕ,σ )(k) = g(kσ−1)ϕ(kσ−1 ).
Hence f (ϕ,σ )(k) = g(ϕ,σ )(k) for all k ∈ [n] \ {j}. Since ϕ(i) ∈ Aut(X), we have
{f (ϕ,σ )(j), g(ϕ,σ )(j)} = {f (i)ϕ(i), g(i)ϕ(i)} ∈ E(X),
which implies {f (ϕ,σ ), g(ϕ,σ )} ∈ E(Xn). Therefore, Aut(X) ≀ Sn ≤ Aut(Xn).
(2) Let Yi ∼= X be n distinct graphs, where i ∈ [n]. Then Xn ∼= Y1Y2 · · ·Yn. Suppose that Y is the disjoint union of
Y1, Y2, . . . , Yn. By Proposition 2.1, Aut(Xn) ∼= Aut(Y ). Clearly, Aut(Y ) ∼= Aut(X) ≀ Sn. Hence Aut(Xn) = Aut(X) ≀ Sn. 
3. Embeddings of Cartesian product graphs
A Cartesian product of some isomorphic graphs is called a Cartesian power graph. By Lemma 2.3, if a graph is neither
a prime graph nor a Cartesian power of a prime graph, then it has no regular embeddings (simply because it is not arc-
transitive). Therefore we only study the embeddings of Cartesian power graphs in this section.
Let X be a regular graph of order m and valency s. For briefness, we identify the vertex set of X with [m]. Then Xn has
ordermn and valency ns; and the vertex set of Xn is Fun([n], [m]). Let
U = {f1, f2, . . . , fm},
where
fi(k) =

i, k = 1
1, 2 ≤ k ≤ n , i = 1, 2, . . . ,m.
Suppose that Y is the induced subgraph of U in Xn. Then {fi, fj} ∈ E(Y ) if and only if {i, j} ∈ E(X). Hence, Y ∼= X .
Theorem 3.1. If M is a regular embedding of Xn and Aut(M) ≤ Aut(X) ≀ Sn, then there is a regular embedding of X.
Proof. Let G = Aut(M). Since G ≤ Aut(X) ≀ Sn, an element in G can be written as (ϕ, σ ) where ϕ ∈ Fun([n],Aut(X)) and
σ ∈ Sn. Let
H = {(ϕ, σ ) ∈ G | 1σ = 1}.
Clearly, H forms a subgroup of G. For each (ϕ, σ ) ∈ H and each fi ∈ U ,
f (ϕ,σ )i (k) =

iϕ(1), k = 1
1ϕ(k
σ−1 ), 2 ≤ k ≤ n.
Therefore, f (ϕ,σ )i ∈ U if and only if 1ϕ(k) = 1 for all k ∈ [n] \ 1. Let K = H{U}, the setwise stabilizer of H . Then
K = {(ϕ, σ ) ∈ G|1ϕ(k) = 1, k = 2, . . . , n, 1σ = 1}.
Since X ∼= Y , we need only to prove that K is an arc-regular subgroup of Aut(Y ) with cyclic vertex stabilizers. The proof is
divided into three steps as follows:
(1) Show the transitivity of K on U .
Choose an edge {fi, fj} ∈ E(Y ). Then {fi, fj} is also an edge in E(Xn). Since G is arc-transitive on Xn, there exists an element
(β, λ) ∈ G, such that f (β,λ)i = fj and f (β,λ)j = fi. Hence,
fi(kλ
−1
)β(k
λ−1 ) = f (β,λ)i (k) =

j, k = 1
1, 2 ≤ k ≤ n
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and
fj(kλ
−1
)β(k
λ−1 ) = f (β,λ)j (k) =

i, k = 1
1, 2 ≤ k ≤ n.
It is easy to check that 1λ = 1 and β(k) ∈ A1 for all k ∈ [n] \ 1. Hence (β, λ) ∈ K . Following the connectivity of Y , we get
that K is transitive on U .
(2) Show the arc-transitivity of K on Y .
Let Gf1 = ⟨(α, ρ)⟩. Then the order of (α, ρ) is ns and 1α(k) = 1 for all k ∈ [n]. Suppose that t is the least integer such that
1ρ
t = 1. Let
γ = ααρ−1 · · ·αρ−(t−1) .
Then t ≤ n, 1γ (k) = 1 and (α, ρ)t = (γ , ρt). Hence, ⟨(α, ρ)t⟩ ≤ Kf1 . Since Gf1 = ⟨(α, ρ)⟩ acts regularly on the neighbors of
f1 in Xn and |⟨(α, ρ)t⟩| = ns/t ≥ s, we get that t = n and ⟨(α, ρ)t⟩ acts regularly on the neighbors of f1 in Y . Therefore Kf1
is transitive on the neighbors of f1 in Y . By the transitivity of K on U , we know that K is arc-transitive on Y .
(3) Show that K is regular on D(Y )with cyclic vertex stabilizers.
For each arc (fi, fj) ∈ D(Y ), (fi, fj) is also an arc in D(Xn). Noting that G is arc-regular on Xn, one gets that (fi, fj)(ϕ,σ ) =
(fi, fj) if and only if (ϕ, σ ) = 1. Therefore K is arc-regular on Y with cyclic stabilizer Kf1 = ⟨(α, ρ)n⟩. 
Remark 3.2. Suppose that (1, i) is an arc of X . Then (f1, fi) is an arc of Xn. IfM(G; (α, ρ), (β, λ)) is a regular embedding of
Xn, where Gf1 = ⟨(α, ρ)⟩ and (β, λ) is an involution transposing f1 and fi, then ρ is a n-cycle in Sn and λ is 1 or an involution
in Sn fixing 1. Set K = ⟨(γ , 1), (β, λ)⟩ where γ = ααρ−1 · · ·αρ−(n−1) . ThenM(K ; (γ , 1), (β, λ)) is a regular embedding of
Y . Let J = ⟨γ (1), β(1)⟩. Then ⟨γ (1)⟩ cyclically permutes all neighbors of 1, and β(1) is an involution transposing 1 and i. It
easy to check that the mapping
(ϕ, σ ) → ϕ(1), (ϕ, σ ) ∈ K
gives an isomorphism from K to J . Hence J is an arc-regular subgroup of Aut(X) with cyclic stabilizer J1 = ⟨γ (1)⟩, from
which follows thatM(J; γ (1), β(1)) is a regular embedding of X .
By Theorem 3.1 and Lemma 2.4, we have the following corollary.
Corollary 3.3. If a Cartesian power Xn of a prime graph X has a regular embedding, then X also has a regular embedding.
Conversely, we now consider the existence of regular embeddings of Xn provided X has a regular embedding. Without
loss of generality, let (1, 2) be an arc of X . Then (f1, f2) is an arc of Xn. From now on, we assume that K = ⟨a, b⟩ is an arc-
regular subgroup of Aut(X), where K1 = ⟨a⟩ cyclically permutes all the neighbors of 1, and b is an involution transposing 1
and 2. ThenM(K ; a, b) is a regular embedding of X .
Let
λi(k) =

b, k = i
1, k ∈ [n] \ {i}. , i = 1, . . . , n
Then (λ1, 1) is an involution transposing f1 and f2.
For each c ∈ A, we use c to denote the function in Fun([n], A)where c(k) = c for all k ∈ [n]. Let
µ(k) =

a, k = 1
1, 2 ≤ k ≤ n
and
σ = (12 · · · n) ∈ Sn.
Then (µ, σ )n = (a, 1) and one can easily check that ⟨(µ, σ )⟩ cyclically permutes all the neighbors of f1 in Xn.
Theorem 3.4. Let G = ⟨(µ, σ ), (λ1, 1)⟩. If |⟨(a, 1), (λ1, 1)⟩| ≤ |K |, thenM(G; (µ, σ ), (λ1, 1)) is a regular embedding of Xn.
Proof. The theoremwill be proved if we can show that G is an arc-regular subgroup of Aut(Xn)with cyclic vertex stabilizers.
Clearly ⟨(µ, σ )⟩ ≤ Gf1 . Since (λ1, 1) transposes the endpoints of the arc (f1, f2) and ⟨(µ, σ )⟩ cyclically permutes all the
neighbors of f1 in Xn, by the connectivity of Xn, it follows that G is an arc-transitive subgroup of Aut(Xn). In order to prove
that G is an arc-regular subgroup of Aut(Xn)with cyclic vertex stabilizers, we need only to show that |G| = mnns (since the
number of arcs of Xn ismnns).
Set
H = ⟨(a, 1), (λ1, 1), . . . , (λn, 1)⟩, Hi = ⟨(a, 1), (λi, 1)⟩.
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Then H = ⟨H1, . . . ,Hn⟩ E G and G = H⟨(µ, σ )⟩. Clearly, the mapping
(φ, 1) → φ(i), (φ, 1) ∈ Hi
gives an epimorphism from Hi to K for each i ∈ [n]. Since |Hi| = |H1| ≤ |K |, we have Hi ∼= K . For i, j ∈ [n] with i ≠ j, take
(ϕi, 1) ∈ Hi and (ϕj, 1) ∈ Hj. Let
ψi = (ϕj(i))−1ϕiϕj(i)
and
ψj = ϕi(j)ϕj(ϕi(j))−1.
Then (ψi, 1) ∈ Hi and (ψj, 1) ∈ Hj. Since
(ϕiϕj)(i) = ϕi(i)ϕj(i) = ϕj(i)(ϕj(i))−1ϕi(i)ϕj(i) = ψj(i)ψi(i) = (ψjψi)(i),
(ϕiϕj)(j) = ϕi(j)ϕj(j) = ϕi(j)ϕj(j)(ϕi(j))−1ϕi(j) = ψj(j)ψi(j) = (ψjψi)(j)
and
(ϕiϕj)(k) = ϕi(k)ϕj(k) = ϕj(k)ϕi(k) = ψj(k)ψj(k) = (ψjψj)(k), k ∈ [n] \ {i, j},
we have
(ϕi, 1)(ϕj, 1) = (ϕiϕj, 1) = (ψjψi, 1) = (ψj, 1)(ψi, 1).
Hence HiHj = HjHi, and then H = H1H2 · · ·Hn. Since
Hi

Hj = ⟨(a, 1)⟩,
we get
|H| =
 ∏
1≤i≤n
|Hi|/|⟨(a, 1)⟩|

|⟨(a, 1)⟩| = mns.
Clearly
H

⟨(µ, σ )⟩ ≥ ⟨(a, 1)⟩.
Therefore
|G| = |H⟨(µ, σ )⟩| = (|H| |⟨(µ, σ )⟩|)/|H

⟨(µ, σ )⟩| ≤ mnns.
By the arc-transitivity of G, we have |G| ≥ mnns. Hence |G| = mnns. 
Theorem 3.5. Suppose that K has a normal subgroup N acting regularly on the vertex set of X. Let G = ⟨(ϕ, 1), (µ, σ )|ϕ ∈
Fun([n],N)⟩. Then Xn has a regular embedding with G as its automorphism group.
Proof. Let T = {(ϕ, 1)|ϕ ∈ Fun([n],N)}. Since N is regular on V(X) and (µ, σ ) ∈ Gf1 , we have T is regular on V(Xn) and
T
⟨(µ, σ )⟩ = 1. Clearly
(µ, σ )(ϕ, 1) = (µϕσ−1 , σ ) = (µϕσ−1µ−1, 1)(µ, σ ).
Hence
(µ, σ )(ϕ, 1)(µ, σ )−1 = (µϕσ−1µ−1, 1).
Since
µϕσ
−1
µ−1 =

aϕ(1σ )a−1, k = 1
ϕ(kσ
−1
), 2 ≤ k ≤ n
and
a−1Na = N,
we get T E G, from which follows that G = T ⟨(µ, σ )⟩. Hence G is arc-regular and the stabilizer Gf1 = ⟨(µ, σ )⟩, a cyclic
group. Correspondingly, X has a regular embedding with G as its automorphism group. 
Recently, Jones [8] classified the regular embeddings of Hamming graphs. A Hamming graph is a Cartesian product of
some isomorphic complete graphs. We use H(d, n) to denote the Cartesian product of d copies of the complete graph Kn. By
using our theorems obtained above, a new proof for one of Jones’ results is given below.
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Theorem 3.6 (Jones, [8]). H(d, n) has regular embeddings if and only if n is a prime power.
Proof. It is well known (see [7]) that Kn has regular embeddings if and only if n is a prime power. Let M be a regular
embedding of Kn where n = pm is a prime power. As shown in [2], Aut(M) has a normal subgroup acting regularly
on the vertex set of Kn. Clearly, all complete graphs are prime graphs with respect to the Cartesian multiplication. Since
H(d, n) = (Kn)d, by Corollary 3.3 and Theorem 3.5, we have that H(d, n) has regular embeddings if and only if n is a prime
power. 
4. Grid-like graphs
A grid-like graph is a Cartesian product of cycles. Clearly, a cycle is prime if and only if it is not a 4-cycle, while the 4-cycle
is a Cartesian product of two copies of K2. Hence two cycles with different order are relatively prime with respect to the
Cartesian multiplication.
Letm > 2. Then by Cm we denote them-cycle. Write
V(Cm) = {0, 1, . . . ,m− 1},
where {i, j} ∈ E(Cm) if and only if |i− j| = 1. Suppose that a and b are two permutations on V(Cm) such that
ia ≡ i+ 1 (mod m) and ib ≡ −i (mod m).
Then the automorphism group of Cm is
D2m = ⟨a, b|am = b2 = 1, b−1ab = a−1⟩.
By Lemma 2.4, we have Aut(Cnm) =

Z2 ≀ S2n, m = 4
D2m ≀ Sn, m ≠ 4 .
Clearly,Mm = M(D2m; b, ba) is a regular embedding of Cm on the sphere and D2m has a normal subgroup ⟨a⟩ acting
regularly on V(Cm).
Now we give two examples of regular embeddings of Cnm as follows:
Example 4.1. Take fi ∈ Fun([n],V(Cm)) and µ, λ ∈ Fun([n],D2m)where
fi(k) =

i, k = 1
0, 2 ≤ k ≤ n , i = 0, 1, . . . ,m− 1,
µ(k) =

b, k = 1
1, 2 ≤ k ≤ n
and
λ(k) =

ba, k = 1
b, 2 ≤ k ≤ n.
Let σ = (12 · · · n) ∈ Sn. Then f (µ,σ )0 = f0 and ⟨(µ, σ )⟩ cyclically permutes all the neighbors of f0. Let
G = ⟨(ϕ, 1), (µ, σ )|ϕ ∈ Fun([n], ⟨a⟩)⟩.
By Theorem 3.5, Cnm has a regular embedding with G as its automorphism group. It follows that G is an arc-regular subgroup
of Aut(Cnm)with cyclic stabilizer Gf0 = ⟨(µ, σ )⟩. It is easy to check that
(λ, 1) ∈ G and (f0, f1)(λ,1) = (f1, f0).
Therefore G = ⟨(µ, σ ), (λ, 1)⟩. Correspondingly,M =M(G; (µ, σ ), (λ, 1)) is a regular embedding of Cnm.
To compute the type ofM, let η = λµ. Then (λ, 1)(µ, σ ) = (η, σ ). Therefore
((λ, 1)(µ, σ ))n = (ηησ−1 · · · η(σ n−1)−1 , 1).
Since
η(k) = λµ(k) = λ(k)µ(k) =

a−1, k = 1
b, 2 ≤ k ≤ n,
we have
ηησ
−1 · · · η(σ n−1)−1(k) =

a−1bn−1, k = 1
bn−1a(−1)
k−1
, 2 ≤ k ≤ n.
Hence the order of (λ, 1)(µ, σ ) ismnwhen n is odd and 2nwhen n is even. Since the order of (µ, σ ) is 2n, the type ofM is
{mn, 2n} if n is odd and {2n, 2n} if n is even.
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Example 4.2. Assume thatm is even. Adopting the notations in Example 4.1, let
λ˜(k) =

ba, k = 1
1, 2 ≤ k ≤ n and G˜ = ⟨(µ, σ ), (λ˜, 1)⟩.
Take τ ∈ Fun([n],D2m) such that τ(k) = b for all k ∈ [n]. Let H = ⟨(τ , 1), (λ˜, 1)⟩. Since τ λ˜(k) =

a, k = 1
b, 2 ≤ k ≤ nand m is
even, we have ((τ , 1)(λ˜, 1))m = (τ λ˜, 1)m = 1. Therefore
(τ , 1)2 = (λ˜, 1)2 = ((τ , 1)(λ˜, 1))m = 1.
It follows that |H| ≤ |D2m|. By Theorem 3.4, M˜ =M(G˜; (µ, σ ), (λ˜, 1)) is a regular embedding of Cnm.
To compute the type of M˜, let π = λ˜µ. Then (λ˜, 1)(µ, σ ) = (π, σ ). Therefore
((λ˜, 1)(µ, σ ))n = (ππσ−1 · · ·π (σ n−1)−1 , 1).
Since
π(k) = λ˜µ(k) =

a−1, k = 1
1, 2 ≤ k ≤ n,
we have ππσ
−1 · · ·π (σ n−1)−1(k) = a−1 for all k ∈ [n]. Hence the order of (λ˜, 1)(µ, σ ) is mn. Since the order of (µ, σ ) is 2n,
the type of M˜ is {mn, 2n}.
Remark 4.3. Ifm is even, then Cnm has regular embeddingsM and M˜ constructed in Examples 4.1 and 4.2, respectively. Since
M and M˜ have different types, they are different maps up to map isomorphism.
5. Questions
In this section we propose some questions for further research.
(1) Is it possible to have a regular prime graph X which has regular embeddings and yet its Cartesian power Xn fails to have
regular embeddings?
(2) Themain results of Section 3poses a natural question: howcan the general results about regular embeddings of Cartesian
products help to obtain new classification results? In particular, under which conditions on X one could classify all
regular embeddings of Xn provided that the classification of all regular embeddings of X is known? Even partial answers
to this question would be very interesting.
(3) Classify the regular embeddings of grid-like graphs. Are there any regular embeddings of Cnm different from our
constructions in Section 4 up to isomorphism?
(4) Our attention only focuses on the orientable regular maps in this paper. What about the non-orientable case?
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